Density functional theory has made great success in solid state physics, quantum chemistry and in computational material sciences. In this work we show that density functional theory could shed light on phase transitions and entanglement at finite temperatures. Specifically, we show that the equilibrium state of an interacting quantum many-body system which is in thermal equilibrium with a heat bath at a fixed temperature is a universal functional of the first derivatives of the free energy with respect to temperature and other control parameters respectively. This insight from density functional theory enables us to express the average value of any physical observable and any entanglement measure as a universal functional of the first derivatives of the free energy with respect to temperature and other control parameters. Since phase transitions are marked by the nonanalytic behavior of free energy with respect to control parameters, the physical quantities and entanglement measures may present nonanalytic behavior at critical point inherited from their dependence on the first derivative of free energy. We use an experimentally realizable model to demonstrate the idea. These results give new insights for phase transitions and provide new profound connections between entanglement and phase transition in interacting quantum many-body physics.
I. INTRODUCTION
The electronic density functional theory (DFT) developed by Hohenberg and Kohn [1] and Kohn and Sham [2] in 1964-1965 has shown tremendous success in solid state physics, quantum chemistry and in computational material sciences [3, 4] . The central idea of DFT is a transformation of the dependence of the properties of a system of interacting manybody system on their single-particle potential to a dependence on the ground state density, which provides a practical method to calculate ground state properties of electronic systems [3, 4] . David Mermin generalized the DFT formalism to calculate finite temperature properties [5] and Runge and Gross extended DFT further to calculate time-dependent properties and hence the excited state properties of electronic systems [6] .
Phase transitions are one of the most intriguing phenomena in many-body physics because it indicates emergence of new states of matter. In recent years, there are a great deal of interest in studying the relations between entanglement and phase transitions in many-body systems [7] . An inspiring result on the relations between entanglement and quantum phase transitions is from DFT perspective [8] . It was also shown that DFT provides new insights for quantum phase transitions [9, 10] . However, any realistic experiments has always been performed at finite temperatures, it is therefore desirable to connect the phase transitions and entanglement at finite temperatures.
In this work we show that density functional theory provides insights for finite temperature phase transitions. We prove that the equilibrium state of a quantum many-body system, which is in thermal equilibrium with a heat bath, is a universal functional of the first derivative of the free energy with respect to the control parameters. This finding explains how the non-analytic behavior of free energy at critical point affects the expectation values of physical observable at phase transition point. Since entanglement in quantum many-body systems is a functional of expectation value of observable, the finding also introduces a direct link between entanglement and the first derivatives of free energy, leading to a deep connection between entanglement and phase transitions. The organization of this paper is as follows. We prove a few theorems for establishing the relation between thermodynamic equilibrium state and first derivatives of free energy from density functional theory in Sec. II. In Sec. III, we prove a theorem for connecting thermal phase transitions and entanglement. In Sec. VI we study an experimentally relevant model to demonstrate our central ideas and finally we give a summary.
II. INSIGHT INTO PHASE TRANSITIONS FROM DENSITY FUNCTIONAL THEORY
Let us consider an interacting quantum many-body system with Hamiltonian
where {λ i } = (λ 1 , λ 2 , · · · , λ K ) are the control parameters of the system. We shall work in the canonical ensemble, where the many-body system is in contact with a heat bath at a fixed temperature and finally they reach thermal equilibrium. The thermodynamic equilibrium state of the many-body system can be obtained from maximizing the entropy [11, 12] 
under two constraints. The first constraint is that the average energy of the system is fixed,
which is because the system is in thermal equilibrium with the heat bath and there is no macroscopic energy flow between them. The second constraints is that the density matrix is normalized, namely
By maximizing the entropy under above two constraints, one obtain the equilibrium state of the system with density matrix,
where β ≡ 1/T and Z(T,
being the canonical partition function. We take the Boltzmann constant k B ≡ 1. One can see from Equation (5) that the thermal equilibrium state is fully characterized by the set of parameters (T, λ 1 , λ 2 , · · · , λ K ). We shall prove that the reverse is also true by establishing the first theorem: Theorem 1: There is a one-to-one map between the thermodynamic equilibrium state of a quantum many-body system with Hamiltonian H = H 0 + K i=1 λ i H i , which is in thermal equilibrium state with a heat bath at temperature T , and the set of control parameters (T, λ 1 , λ 2 , · · · , λ K ). Proof : In the above we show that the equilibrium state is described by the density matrix ρ 0 = e −βH /Z(T, λ 1 , λ 2 , · · · , λ K ), which means that the equilibrium state is determined by the control parameters (T, λ 1 , λ 2 , · · · , λ K ). Now we have to prove that the equilibrium state ρ 0 determines these control parameters. That means only one set of control parameters corresponds to the equilibrium state ρ 0 . The proof is done by reductio and absurdum. We assume that there are two different sets of control parameters (T, λ 1 , λ 2 , · · · , λ K ) and (T , λ 1 , λ 2 , · · · , λ K ) corresponds to the same equilibrium state ρ 0 . Then we have
Note that the information of temperature is embodied by the average energy of the system. Subtracting Equation (6) from (7), we get
Thus we have
Equation (10) means that T = T . This contradicts the assumption. Thus we proved Theorem I. Theorem 1 means that the thermal equilibrium state is uniquely fixed by the control parameters, namely
From the equilibrium density matrix ρ 0 , we can evaluate all physical quantities, in particular, the quantities conjugate to the control parameters. For example the entropy, which is conjugate to temperature, is given by
The density H i which is conjugate to λ i is
Theorem 1 implies that the control parame-
We shall prove the reverse is also true in Theorem 2.
To establish Theorem 2, we record a minimum property of the free energy at finite temperature in analogous to that of the ground state energy. If we define a free energy functional
then this functional satisfies
for all positive definite density matrices ρ with unit trace and ρ 0 is the equilibrium state corresponds to the control parameters (T, {λ i }). In the Appendix A we prove that F[T, {λ i }, ρ] is bounded below by F[T, {λ i }, ρ 0 ] for general quantum manybody systems. Given this property, we can prove Theorem 2: For an interacting quantum many-body system with Hamiltonian,
, which is in thermal equilibrium with a heat bath at fixed temperature T , there is a one-to-one map between the set of control parameters {T, λ 1 , · · · , λ K } and thermal equilibrium densities,
Proof : For simplicity of notation, we denote the set of control parameters by Λ ≡ {T, λ 1 , · · · , λ K }. Let us consider two different sets of parameters Λ Λ and assume that their corresponding equilibrium density matrices are ρ 0 and ρ 0 , respectively. From their density matrices, we can obtain the sets for thermal densities
We assume two different sets of control parameters Λ and Λ produce the same set for thermal equilibrium densities, namely D Λ = D Λ . According to the minimum property of free energy, Equation(15), we have
so that
But the reasoning of Equation (16) to Equation (19) remains valid when the set for parameters Λ and Λ are interchanged, yielding
Adding Equation (20) and Equation (21) and using the assumptions lead to the contradiction
and therefore a set of control parameters Λ = {T,
.e. the control parameters are unique function of the equilibrium densities. Theorem 2 is proved. Theorem II means that
An immediate consequence of Theorem 2 is that we can use the thermal densities instead of control parameters as a fundamental variable of the equilibrium state,
In real applications, it is always useful to vary only one of the control parameters while keeping all the others fixed. Then Theorem 2 actually implies that the following one-to-one correspondence relations,
Now we are ready to establish the following theorem:
If an interacting many-body system with Hamiltonian
is in thermal equilibrium with a heat bath at temperature T , then the equilibrium density matrix of the many-body system is a unique functional of the first order derivatives of the free energy with respect to control parameters, namely
Proof : According to Theorem 2, we have one-to-one correspondence relations between thermal densities and the corresponding control parameters. Thus we can express the control parameter as function of their conjugate density, namely
where
Because the thermal densities are all first derivatives of free energy, for example, entropy is the first derivative of free energy with respect to temperature S = − ∂F ∂T and
In addition, Theorem 1 tells us that the equilibrium state is uniquely fixed by the control parameters, i.e.
Combing with Equations (29) and (30) with Theorem 1, we proved Theorem 3. Theorem 3 means that we can use the first derivative of free energy with respect to control parameters as a fundamental variable.
According to Theorem 3, the thermal expectation value of any observable A of the many-body system is given by
Phase transitions are marked by the discontinuity of the free energy with respect to temperature T or other control param-
(1). For first order phase transitions, the first order derivatives of the free energy, such as ∂ T F or ∂ λ i F, i = 1, 2 · · · , is discontinuous across a phase boundary, then expectation value of an arbitrary observable A also presents discontinuity across phase boundary from Equation(31).
(2). For second order phase transitions, the first derivatives of free energy with respect to parameters are continuous and the second order derivatives of the free energy, such as ∂ 2 T F and ∂ 2 λ i F, are discontinuous or diverge and we should examine the derivative of the observable A, which is
Equation (32) and (33) show that the first order derivative of any observable A with respect to control parameters is proportional to the second order derivative of free energy with respect to the same control parameter. While for second order thermal phase transitions, ∂ 2 T F and ∂ 2 λ F are discontinuous or diverge, thus the first derivative ∂ T A and ∂ λ A present discontinuous or divergence at second order phase transition point. Analogously, one needs to detect (n−1)-th order derivative of physical quantity for n−th order phase transitions.
III. RELATIONS BETWEEN ENTANGLEMENT AND PHASE TRANSITIONS FROM DENSITY FUNCTIONAL THEORY
Entanglement is a unique feature in quantum mechanics. It was found that entanglement measures present non-analytic behavior at phase transition point [7] . Wu et. al. [8] found that density functional theory provide intriguing relationship between entanglement and quantum phase transitions. Now we show that density functional theory provides relations between entanglement and phase transitions in many-body systems at any temperatures. We can prove the following theorem: Theorem 4. Any finite temperature entanglement measure M can be expressed as a unique functional of the set of first derivatives of the free energy:
Proof : The proof follows from the fact that, according to Theorem 1 and 2, the thermal equilibrium density matrix is a unique functional of S 0 , H 1 , H 2 , · · · , H K and also ρ 0 provides the complete information of the thermal equilibrium state, everything else is a unique functional of (S 0 , H 1 , H 2 , · · · , H K ). Formally let us consider an npartite entanglement in spin-1/2 systems. For other cases, the proof can be generalized immediately. First of all any entanglement measure of n qubits is always a function of the matrix elements of the reduced density matrix of these qubits, ρ 12···n : M(ρ 12···n ). For spin-1/2 systems, the n-body reduced density matrix can be written as
with C a 1 a 2 ,··· ,a n = Tr 12···n [ρ 12···n σ
where a 1 , a 2 , · · · , a n = 0, x, y, z with σ
. According to Theorem 2, thermal expectation value of any observable can be taken as a functional of (S 0 ,
One can immediately see that for first order phase transition, where the first derivative of free energy is discontinuous, the entanglement measure presents non-analytic behavior. For second order phase transitions, we need to examine the first derivative of the entanglement,
These equations show that first derivative of any entanglement is proportional to the second order derivative of free energy. Using entanglement measures, the second order thermal phase transitions can be identified through nonanalytic or vanishing values of ∂M/∂T at the thermal critical point.
IV. MODEL STUDY
To demonstrate the above ideas, we study an experimental relevant spin models, namely the Lipkin-Meshkov-Glick (LMG) model [14] [15] [16] with Hamiltonian
where J is the ferromagnetic coupling strength between arbitrary two pauli spins σ i and σ j while γ describes the
FIG. 1. (color online). Finite temperature phase diagram of LMG model. (a)
. Phase diagram at 0 < γ < 1: At low temperature and weak magnetic field, LMG model is in a ferromagnetic state along x direction. While at high temperature and strong field region, the system is in a paramagnetic phase. The red-solid line is the phase boundary, T = λ/ tanh −1 (λ). (b). Phase diagram at γ > 1: At low temperature and weak magnetic field, LMG model is in a ferromagnetic state along y direction. While at high temperature and strong field region, the system is in a paramagnetic phase. The blue-solid line is the phase boundary, T = λ/ tanh −1 (λ/γ). anisotropy of the coupling in the y direction. The LMG model have been experimentally realized in trapped ion systems [17] [18] [19] . The LMG model can be simplified by defining a collective spin operator S α = 1 2 N j=1 σ α j where α = x, y, z and it is simple to show that the collective spin operators satisfy the ordinary spin angular momentum commutation relations. In terms of collective spin operators, the Hamiltonian H(λ) can be rewritten as,
It is obvious that the collective spin angular momentum squared is a conserved quantity, [S 2 , H S ] = 0. Thus we can make use the quantum number of the collective spin operator squared s to classify the total Hilbert into different blocks, each of the block take a fixed quantum number of the collective spin angular momentum squared, which can take values s = 
From the partition function we then can get the free energy
Thus all the thermodynamic quantities can be evaluated from free energy. For infinite system, N → ∞, mean field theory becomes exact [20] and we show mean field phase diagram of LMG model in Figure 1 . At thermodynamic limit, N → ∞, when 0 < γ < 1, we obtain (See Appendix B for derivations) the temperature is a universal function of thermodynamic entropy,
where ε = M 2 x + λ 2 . Also the control parameter λ is a universal function of the density H 1 ,
When γ > 1, the temperature is given in terms of the entropy by
The control parameter λ is given in terms of its density H 1 by
These results support our Theorem 2.
In Figure 2 , we show the equilibrium entropy per spin s 0 ≡ S 0 /N in the LMG model at λ = 0.5J and γ = 0.5 as a function of the temperature for different system sizes, N = 50, 200, ∞. We can see that the entropy is monotonic function of the temperature, which thus supports Theorem 2. Figure 3 presents the equilibrium density per spin h 1 ≡ H 1 /N in the LMG model at temperature T/J = 0.8 as a function of the control parameter λ for different system sizes, N = 50, 200, ∞. We can see that the density h 1 is a monotonic function of the control parameter λ and it thus supports the Theorem 2.
In Figure 4 , we show the behavior of order parameter as a function of entropy, where we use entropy as a fundamental variable. In Figure 4 (a), we present σ In Figure 5 , we use density H 1 as a fundamental variable. In Figure 5 (a), we show the order parameter σ at temperature T = 0.8J. In Figure 5 (b), we present ∂ σ Now we evaluate an entanglement measure, namely the concurrence of two spins in the LMG model at zero magnetic field, which is given by (See Appendix C for derivations)
We can see that the concurrence is a universal functional of the first derivatives of the free energy, ∂ λ F and ∂ T F, this supports our Theorem 4. 
V. SUMMARY
In summary, we show that density functional theory provide insights for phase transitions and entanglement at finite temperatures. We proved that the equilibrium state of an interacting quantum many-body system which is in thermal equilibrium with a heat bath at a fixed temperature is a universal functional of the first derivatives of the free energy with respect to temperature and other control parameters. This insight from density functional theory enables us to express the average value of any observable and any entanglement measures at nonzero temperature in terms of the first derivatives of the free energy with respect to temperature and other control parameters. These results from density functional theory give new insights for phase transitions and provide new profound connections between entanglement and phase transition in interacting quantum many-body physics.
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APPENDIX A: PROOF THE FREE ENERGY FUNCTIONAL IS LOWER BOUNDED BY THE EQUILIBRIUM FREE ENERGY
In this appendix we show that the free energy functional
satisfies
for all positive definite density matrices ρ with unit trace and ρ 0 is the equilibrium state corresponds to the control parameters (T, {λ i }).
To prove the inequality, we first define an assistant parameter g dependent density matrix,
with
Note that g is an assistant parameter and moreover,
We want to show that if ρ ρ 0 ,
For simplicity of notation, we shall not write out explicitly the control parameter dependence in the free energy hereafter as they are fixed. Because
To evaluate ∂ g F[ρ g ], we write out
Thus
Using the operator identity [21] ∂ ∂g e −β(H+gO) = −e −β(H+gO)
where O(u) ≡ e u(H+gO) Oe −u(H+gO) , we have
Note that all the expectation values are performed with respect to ρ g . Therefore we finally have
The equality holds if and only if O ∝ I, in this case ρ = ρ 0 .
APPENDIX B: MEAN FIELD THEORY OF LMG MODEL
Here we give the mean field theory of LMG model. We consider the LMG model with Hamiltonian
Defining M α ≡ j σ α j /N, α = x, y, z, the Hamiltonian can be rewritten as
Making mean field approximations and setting the quadratic term vanishes, we get the mean field Hamiltonian
where we set J = 1. The mean field Hamiltonian is set of decoupled single Pauli spins and can be easily solved with the following eigenvalues
The corresponding eigenvectors are
Then the self consistent equations for M x , M y , M z are, respectively
Now the phase diagram can be extracted:
A. Physical quantities at 0 < γ < 1
For T < T c , the system is in a Ferromagnetic state along x directions, M y = 0 and M x 0, then the self-consistent equations reduce to
The critical temperature T c is obtained by making M x → 0, which is
For T > T c , M x = M y = 0, and the self consistent equations reduce to
Thus the control parameter is given by
The entropy per spin for T < T c is
where ε = M 2 x + λ 2 . If T > T c , ε = λ, the entropy becomes
Thus the temperature is given in terms of entropy by
B. Physical quantities at γ > 1 For T < T c , the system is in a Ferromagnetic state along y direction, M y = 0 and M x = 0, then the self consistent equations reduce to
The critical temperature is obtained by making M y → 0, which is
For T > T c , the system is a paramagnetic state, i.e. M x = M y = 0, the self consistent equations become
where ε = M 2 y + λ 2 . If T > T c , ε = λ, the entropy becomes
Thus the temperature is given in terms of entropy by 
To calculate the concurrence, we first reconstruct the twobody reduced density matrix. According to the symmetry of the LMG model, the reduced density matrix for two sites can be written as
where 
So the matrix elements of the two-body reduced density matrix is
